Massively Parallel Single-Source SimRanks in o(log ) Rounds

Sigiang Luo'*

, Zulun Zhu'*

!Nanyang Technological University
{siqiang.luo, ZULUNOO1 } @ntu.edu.sg

Abstract

SimRank is one of the most fundamental mea-
sures that evaluate the structural similarity between
two nodes in a graph and has been applied in
a plethora of data mining and machine learning
tasks. These tasks often involve single-source Sim-
Rank computation that evaluates the SimRank val-
ues between a source node v and all other nodes.
Due to its high computation complexity, single-
source SimRank computation for large graphs is
notoriously challenging, and hence recent studies
resort to distributed processing. To our surprise,
although SimRank has been widely adopted for
two decades, theoretical aspects of distributed Sim-
Ranks with provable results have rarely been stud-
ied. In this paper, we conduct a theoretical study
on single-source SimRank computation in the Mas-
sive Parallel Computation (MPC) model, which is
the standard theoretical framework modeling dis-
tributed systems. Existing distributed SimRank al-
gorithms enforce either 2(logn) communication
round complexity or Q(n) machine space for a
graph of n nodes. We overcome this barrier. Par-
ticularly, given a graph of n nodes, for any query
node v and constant error € > % we show that us-

ing O(log? log n) rounds of communication among
machines is enough to compute single-source Sim-
Rank values with at most e absolute errors, while
each machine only needs a space sub-linear to n.
To the best of our knowledge, this is the first single-
source SimRank algorithm in MPC that can over-
come the ©(logn) round complexity barrier with
provable result accuracy.

1 Introduction

Evaluating the structural similarity between two nodes in
a graph is fundamental in plenty of data mining and ma-
chine learning tasks. Examples include recommendation sys-
tems [Chen er al., 2022; Mo and Luo, 2021], avoiding cus-
tomer churn [Luo er al., 2019], spam detection [Badola and
Gupta, 2021], link prediction [Zhou et al., 2019; Xu er al.,

“The authors are ordered alphabetically.

2017; Hours et al., 2016] and graph mining [Zhu et al., 2024;
Jin et al., 2011; Liao et al., 2022; Zhu ef al., 2022]. Among
many similarity measures, SimRank [Jeh and Widom, 2002]
is one of the most widely adopted measures over graphs. Sim-
Rank is defined based on the intuition that two nodes are sim-
ilar only when their neighboring nodes are similar. Formally,
it uses the following recursive equation to compute the Sim-
Rank between two nodes u and v, where ¢ € (0,1) and Z(u)
denotes the in-neighbor set of node u.

u ="v
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Since it was proposed by Jeh and Widom [Jeh and Widom,
2002], SimRank has gained increasing popularity in various
application domains, e.g., social analysis [Zheng er al., 20131,
nearest neighbor search [Lee er al., 2012], as well as recom-
mender systems [Antonellis ef al., 2008; Chuanyan and Xi-
aoguang, 2021; Symeonidis et al., 2021].

Distributed SimRank Computation. We focus on single-
source SimRank computation, whose importance has been un-
covered in a plethora of recent studies [Wang et al., 2020b;
Li et al., 2015; Wang et al., 2020a; Shi et al., 2020; Wang
et al., 2021; Maehara et al., 2014; Tian and Xiao, 2016;
Kusumoto er al., 2014]. Given a graph G, a single-source
SimRank for source node u evaluates the SimRank values
between u and all other nodes in the graph. Single-source
SimRank computation is widely used in applications where
a ranking of the other objects with respect to an object
is required. For example, it can be applied in search en-
gines to locate the most similar web pages to a given one
[Fogaras and Récz, 2005], or in social network services to
recommend new friends to a given user [He er al., 2010;
Nguyen et al., 2015], or act as a ranking measurement to clus-
ter objects [Cai et al., 2008].

Given a graph of n nodes, computing single-source Sim-
Rank is challenging for large graphs because it inherently in-
volves O(n) times of pairwise SimRank evaluations, each
of which can already be too costly. Particularly, follow-
ing the recursive form in Equation 1, computing s(u, v) re-
quires accessing many pairs of nodes in the graph, lead-
ing to O(n?) complexity. To address the efficiency is-
sue, recent works [Jiang er al., 2017; Zhang et al., 2017,
Shao er al., 2015] employ a random-walk-based approach to



approximate the SimRank values. The main idea is to trans-
late the SimRank computation into estimating the meeting
probability of two decay-based random walks from the two
source nodes (See Section 2.2 for more details). The compu-
tational complexity is then dependent on the number of ran-
dom walks sampled, achieving a significant speed-up. How-
ever, even with the improved approach, it is still challenging
to compute single-source SimRanks when n is large.

Therefore, it is increasingly popular to apply distributed
computation [Wang et al., 2020b; Li et al., 2015; Song et
al., 2018] to SimRank computation, which involves multiple
machines to compute SimRank values in a collaborative man-
ner, ultimately scaling up the computation to large graphs. In
modeling distributed computation, the local computation cost
within each machine is typically dominated by the synchro-
nization cost among the machines. Hence, by convention, the
local computation cost is omitted in MPC analysis and the
focus is on reducing communication rounds. Furthermore,
there is an intrinsic trade-off between the number of commu-
nication rounds and space-per-machine.

Open Problem. Existing distributed SimRank algo-
rithms (e.g., [Li er al., 2015; Song et al., 2018; Wang et
al., 2020b]) mostly focus on empirical evaluation, and non-
trivial theoretical analysis with provable approximation re-
sult guarantees is rarely given. We analyze existing rep-
resentative distributed SimRank algorithms and summarize
their requirements regarding communication rounds and ma-
chine space in Table 1*. In a nutshell, they require either
Q(n) per-machine space (UniWalk [Song er al., 2018]) or
Q(logn) communication rounds (DISK [Wang et al., 2020b]
and CloudWalker [Li et al., 2015]). We remark that over-
coming the ©(logn) round complexity barrier in MPC for
natural problems is usually challenging and it has attracted
tremendous interest [Luo et al., 2022; Lacki et al., 2020;
Luo, 2019; Behnezhad et al., 2019; Czumaj et al., 2021;
Luo, 2020] to improve the distributed computation down to
O(poly(log log n)) rounds. Hence, a natural open theoretical
problem is raised:

Given an error threshold ¢ € (0,1), let an approximate
single-source SimRank algorithm be an algorithm that out-
puts SimRank values with € absolute errors. Is there a dis-
tributed approximate single-source SimRank algorithm over
a graph of n nodes that can be finished in o(logn) rounds,
while each machine only needs o(n) space?

Our Main Results. In this paper, we give a positive answer
to the aforementioned open problem and present a distributed
single-source SimRank algorithm that suits the Massively
Parallel Computing (MPC) model [Karloff et al., 2010]. Par-
ticularly, for a graph of n nodes and m edges, we focus on
the MPC model that involves a set of machines, each having
a sub-linear space S = n® for some o € (0,1). Our main
results can be stated by the following theorem. To the best
of our knowledge, this is the first distributed single-source
SimRank algorithm that achieves sub-logn communication
rounds while only requiring strongly sub-linear per-machine

“For the limitation of space, we leave the related work analysis
in Appendix C. As the authors did not give an analysis based on the
MPC model, we analyze them on our own.

space. We leave the proofs of lemmas and theorems in the
Appendix of our technique report [Luo and Zhu, 2024].

Theorem 1. Given a source node u in a graph of n nodes and m
edges, there is an algorithm that computes e-absolute-error guaran-
teed SimRank values between u and all the other nodes using M ma-
chines in O (log2 log n) communication rounds with high probabil-
ity *. This algorithm only requires the space per machine is S = n®
for some o < 1, and M is some value of O((m +n)/S).

2 Preliminaries

2.1 Distributed Computation Model

Distributed computation is one of the most important tech-
niques to address various computation tasks [Luo et al., 2023;
Wang et al., 2020b; Li et al., 2015; Song et al., 2018;
Luo et al., 2022; Luo et al., 2014; Luo et al., 2012; Klauck et
al., 2014]. In recent years, Massively Parallel Computation
(MPC) [Karloff er al., 2010] becomes a popular theoretical
framework in modeling the complexity of a distributed algo-
rithm, because it closely simulates the situation of general
distributed computation. An MPC model has three important
parameters: the input data size F', the number of involved ma-
chines M, and the space capacity (words) S on each machine.
The frequently used notations are listed in Table 2 in the Ap-
pendix. It is required that when given F' and S, the number
of machines M should be of O(%), where O(:) hides a poly-
logarithmic factor. Our main focus on the MPC model derives
from several perspectives as follows:

Space. Consider an input graph of n nodes. MPC for
graph algorithms can be categorized into three types: strongly
super-linear space (S = n!*“) for some constant w > 0,
near linear space (S = ©(n)), and strongly sub-linear space
(S = n®) for some constant « € (0, 1). A super-linear model
can typically be employed with a local algorithm, which loses
the generality to be employed on a large scale of data. Hence,
many studies focus on sub-linear settings that better capture
the scalability of a distributed system. In this paper, we focus
on the strongly sub-linear setting where each machine cannot
even store the whole set of graph nodes.

Communication Rounds. The computation in the MPC
model is based on communication rounds. Initially, each edge
is randomly assigned to a machine. We assume each node has
an integer ID from 1 to n, and each machine has an integer
ID from 1 to M. The computation proceeds in synchronized
rounds. At the beginning of a round, each machine may re-
ceive the messages sent from some other machines in the pre-
vious rounds. During a round, every machine conducts lo-
cal computation based on its local data or messages received.
Then each machine will send the computed results, packed as
messages, to target machines. Each machine creates message
packages to be routed onto the network and hence the size
of messages sent/received per machine in one round shall not
exceed the space capacity S. A new round starts only af-
ter the end of the previous round. The term round complexity
[Ghaffari er al., 2019] refers to the number of rounds required

"We say an event happens with high probability, if there exists a
constant 7 > 0 such that the event happens with probability at least
1 — L, where n is the number of graph nodes.
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Algorithm \ Rounds Total space cost per round Accuracy error  Space cost per-machine
CloudWalker' [Li et al., 2015] O(%) O (blil# +n+ m) no guarantees O (blgl# + ’"TJ;")
D
UniWalk? [Song et al., 2018] o) o (%) €+ e o} M)
c —CK €
DISK® [Wang et al., 2020b] | O ( % + K) O (mlogn + Kn) % +cf O (mlosntKn)

Ours* O (log”logn)

n log

(0] (m logn + n'toW logh® n4

3+0(1) €
)2

2(6—7

O(n®)

lep is the error when estimating the random walk distribution, b is the parameter that controls the number of nodes to be handled in a single machine, and I is the number
of iterations in the Jacobi method. [ is a user-defined walk length or number of steps. 21 is a user-defined walk length or number of steps, and €y is the absolute error of

SlmRank introduced by BiWalk [FOgd[‘db and Récz, 2005].
1a < 1Tand n® > log® n/(log ?)

3 K is the number of truncated terms of linearized SimRank and €4 is an internal estimation error threshold.

Table 1: Communication rounds of distributed single-source SimRank Computation.

for program execution and serves as a measure of distributed
computation cost, primarily driven by the expensive commu-
nication among machines. The main principle of designing
algorithms in the MPC model is to achieve low round com-
plexity subject to the space constraint on each machine.
Existence of an MPC Algorithm. With a per-machine
space of S = n®, we acknowledge the existence of an MPC
algorithm such that when n > ng (with ng being a constant),
a distributed algorithm can operate within this space con-
straint using M machines, where M = O(m+") For ease
of analyzing the MPC algorithms, we first give a preparation
lemma regarding machine space expansion, as follows.

Lemma 1. If there exists an O(f(n))-round distributed graph al-
gorithm that works for per-machine space S = O(n%) for any
0 < a < 1using M = O(%) machines, and f(n) is a func-
tion not related to « (i.e., o only contributes a constant factor to the
round complexity), then there exists an MPC algorithm that works
for per-machine space S = n® with the same round complexity.

This lemma eliminates the obstacle of analyzing round
complexity when there is a constant factor expansion of the
machine space. For example, consider that we have an al-
gorithm with a certain distributed algorithm such that (1) its
round complexity hides a factors; (2) applies to any a €
(0,1) with M = O(™£™), and (3) the space per machine
is Cn® for some constant C'. Then Lemma 1 guarantees the
existence of an MPC algorithm with n® machine space.

2.2 Approximate SimRank Computation

Given a directed graph G = (V, E), and let n = |V| and
m = | E|. Following [Wang et al., 2020a; Shi et al., 20201, we
aim to compute approximate SimRank values with constant
errors. In particular, given any source node v € G and a con-
stant error €, we aim to compute the SimRank values between
u and any other node v € G, such that |s(u, v) —5(u, v)| <e,
where s(u, v) denotes the true SimRank value and §(u, v) de-
notes the estimated value.

Calculating the SimRank value iteratively according to
Equation 1 may occupy large memory space and incur a high
computation cost. Therefore, state-of-the-art approaches em-
ploy the following /c-decay walk-based computation, first
proposed in [Tian and Xiao, 2016]:

Lemma 2. For any two nodes u,v € G, the SimRank between
u and v is equal to the meeting probability of two +/c-decay walks
starting at u and v on the reverse graph G, where two walks meet if
there exists an integer i > 0, such that the i-th step of the two walks
visit the same node.

_ Here, a \/c-decay walk on G from a node  is a traversal on

G such that at each step of the walk, it has 1 — y/c probability
to stop at the current node, and otherwise jumps to the next
node that is a uniformly chosen out-neighbor of the current
node. Here we define a length-/ walk as a path that includes
I + 1 nodes and [ edges. We also say a length-/ walk has [
steps. Particularly, we have (1/c)® - (1 — /c) probability to
generate a length-i walk from a given starting node.

Monte Carlo Method. By sampling N pairs of y/c-walks
from u and v, and if H pairs of the walks meet, then % is
an estimator of s(u, v). The sampling number N controls the
estimation accuracy since more random walks approximate
the value of s(u, v) more accurately.

3 O(log”logn)-Round Algorithm

It is not too challenging to design O(logn)-round MPC al-
gorithm (See Appendix E for details), but further improving
the round complexity can be difficult. To explain, we outline
challenges of direct adaptation of \/c-walk based approach.
First, the maximum length of a y/c-decay walk can be infinite;
a straightforward method to compute length-/ in a distributed
environment easily entails [ communication rounds because
one step may require one communication round when some
neighbors are located in a different machine. Such design
easily leads to Q2(log n)-round algorithms. Second, evaluat-
ing single-source SimRank values for node u requires run-
ning random walks from both u and all the other nodes, re-
sulting in a large number of random walks being conducted.
This can lead to a high space cost per machine because some
hub nodes are prone to be passed by many random walks.
Therefore, a careful design of the MPC algorithm is required
to guarantee a small number of rounds and a low space cost
for each machine. Third, the random walks, once computed
in the MPC model, are stored in different machines. As such,
detecting whether two walks meet may overload the machine
regarding space cost.



Algorithm 1: Overall algorithm

Algorithm 2: Detect meeting and calculate SimRank

Input : Graph G = (V, E); source node wu; decay factor c;
Montel-Carlo failure probability d; accuracy error €
Output: SimRank scores 5(u, v) foreachv € V
1 Store G across multiple machines;
2 Reverse the edges of G within each machine to form G,
3l+log1 n
N
4 for i = 0to !l in parallel do
| [ a0 vl
6 foreach node v € V' in parallel do
Generate /N; random walks from node v in
L O (log® log n) rounds;

8 Shuffle and decompose random walks (See Sections 4.2
and 4.3);
9 Run Algorithm 2 1o calculate 5(u,v) for eachv € V;

3.1 New Interpretation of Walk-based Approach

To address the aforementioned challenges, we reinterpret the
SimRank computation between node u and node v in a batch
manner using the following three operations, which are more
MPC-friendly:

(a) Random walk generation. Instead of generating /c-
decay random walks whose lengths are non-deterministic, we
generate random walks with deterministic length distribution.
Particularly, to generate N /c-walks from u, we will gener-
ate N - y/c'(1 — /c) length-i walks for i > 0, following the
corresponding geometric distribution of walk lengths. Simi-
lar operations are conducted for random walks starting from
v. Fixing the random walk lengths is more MPC-friendly. As
we will show in Section 4.1, we can generate sufficient such
random walks both from the source node w and each node
v € V inonly O (log” log n) MPC rounds.

(b) Random walk shuffling and matching. Since the ran-
dom walks from u (or v) are generated in the order of increas-
ing lengths (due to Step (a)), pairing up the random walks
from v and v directly for meeting detection is not valid for
estimating SimRanks as the i-th walks from « and v are cor-
related (they have the same length). In order to maintain the
randomness, we shuffle the random walks above.

(c) SimRank computation. Last, we compute the Sim-
Ranks by detecting how many pairs of walks meet and esti-
mating the SimRank value s(u, v) by Lemma 2.

3.2 Overview of Main Algorithmic Steps

Based on the new interpretation, we give our main algorith-
mic steps in Algorithm 1, which consists of the following five
main stages. For ease of presentation, we first outline the
main idea in this section and defer the detailed MPC-related
operations in Section 4.

Initial State. The SimRank algorithms are based on the
topology information of the input graph. Initially, the whole
graph should be partitioned across different machines, as as-
sumed by the MPC model. We assume that each machine
holds a random partition of edges of the graph (Line 1 in Al-
gorithm 1), and hence each machine holds roughly 77 edges.

We also reverse the edges so that the graph represents G (Line

Input : Tuple set Dg from Section 4.3; source node u
Output: Estimated SimRank score §(u, v) for eachv € V'
1 Sort all elements in D¢,

2 Calculate z = 2(12’%?)2 Zual =z (Vo) - (1 — /) and
| Zut| = [|Zua|] forl =1, ...,log% nandu € V

3 for all tuple (i, j,v;,l,v) € D¢ in parallel do

4 if v = u then

5 | Label (4, j,v5,1,v) as 1

6 else

7 | Label (4, j,v5,1,v) as 0

8 for all tuple (i, j,v;,l2,v) labeled by 0 in parallel do
Link it to the closest tuple (7, k, vy, l1, u) labeled by 1

using PREDECESSOR;
10 if (j = k) A (v; = vi) then
1 L Send message (j, u, l1,v,l2) to L“Q{J-th machine.

12 for each unique message (j,u,l1,v,l2) in each machine in

parallel do

- - | Zw, 11 Z0 151 1
13 S(u,v) < s(u,v) + —=1L—"2-. =
(u,v) (u,v) [Zu 1y 120151 2

2 of Algorithm 1).

Parallel Random Walks Generation. This stage corre-
sponds to Operation (a) mentioned earlier. As we need to
compute single-source SimRank values from any source node
u to all other nodes, we generate N +/c-walks from each
node. Further, we truncate them at log; , 7 n length (Line
3 of Algorithm 1). By setting N = %, we show that
the truncated walks only cause negligible influence on the fi-
nal accuracy (see Section 4), and we can guarantee the € error
bound of SimRank values. Another problem is when generat-
ing N; = N-(1/¢)*(1—+/c) length-i walks, N; may not be an
integer. In Section 5 we give a rounding technique and prove
that the rounding still guarantees the error bound. We also
prove that these random walks can be obtained in the MPC
model using O(log® log n) communication rounds (Lines 4-7
of Algorithm 1 and details in Section 4.1).

Shuffling Random Walks. It’s important to note that in
Lemma 2, the lengths of the random walks originating from
uw and v may differ, as they are independently and randomly
generated. To guarantee the randomness of each pair of ran-
dom walks in our Monte Carlo simulation, the generated ran-
dom walks have to be shuffled (Line 8 of Algorithm 1). The
shuffling operation in the MPC model is not as trivial as in
a single machine because the generated walks from the same
node can be located in different machines. Shuffling these
walks incurs communication between machines, which may
violate the space bound in each machine.

Decomposing Random Walks. After shuffling, we pair
the j-th walk from the source node w with the j-th walks
from other nodes respectively, and detect whether two walks
in each pair meet. Detecting whether two walks meet is rel-
atively simple in the single-machine setting because all in-
formation can be loaded locally. However, in a distributed
environment, we need to detect whether two paired-up walks
meet while the walks are stored at different machines. This
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Figure 1: Detect meeting using tuple association.

poses drastically different challenges. To address the chal-
lenges, we decompose the generated random walks into tu-
ples, each containing one visited node in the walk (except the
starting node). Each tuple contains five elements to convey all
the information needed to detect whether the walk intersects
another walk in the specified node. As shown in Figure 1,
there is a walk {u, vy, v, v3} decomposed into three tuples
(.j7 17 U1, Sa U)’ (.]7 27 V2, Sa U)v (.]7 37 U3, Sa U)v where .] 1mphes
that the tuple is decomposed from the j-th walk of those start-
ing from u. The remaining elements in the tuple are the walk
step, visited node at the particular walk step, the total steps
in the walk, and source node, respectively.

Computing SimRank Values. Evaluating the SimRank
value between u and v is based on the probability that two
walks from u and v meet. This can be detected by sorting
the decomposed tuples (Line 9 of Algorithm 1— Line 1 of
Algorithm 2). Figure 1 shows the j-th walks from u and v re-
spectively. The two walks meet because they share the same
node vy in their third walk steps. Corresponding to v, there
are two decomposed tuples from the two walks, denoted by
(4,2, v2,3,u) and (j, 2, va,4, v). We note that they share the
first three elements. In general, it is easy to verify that if two
walks meet, there must be two decomposed tuples, each from
one walk, that share the first three elements in the tuple. More
formally, suppose there are two j-th walks {vg,v1,...,v;, }
and {ug, u1,...,u, }(0 < l1,la < log,, ;) starting from
vo and ug. Walk {vg,v1,...,v;,} is decomposed into I;
tuples, denoted by (j,4,v;,l1,v0) (1 < i < [y); Walk
{ug,u1,...,u,} is decomposed into Iy tuples, denoted by
(4, kyug, l2,up) (1 < k < 13). Then, if the two walks meet,
or equivalently, they share the same node v; in the same step
i, there must be v; = wu; and the corresponding two tuples
(for v; and u;) share the first three elements. Again, the chal-
lenges are in a proper rearrangement of the tuples across the
machines, and the collection and aggregation of the walk-
meeting cases within each machine.

With the above five stages, we highlight the major differ-
ences between our approach and the classic /c-walk-based
algorithms: (a) the lengths of the walks are regularized to ge-
ometric distributions, and longer walks are truncated and we
show that this would not violate the error tolerance in Sec-
tion 5; (b) most steps are redesigned non-trivially so that all
the steps can be efficiently implemented in the MPC model.

4 Detailed MPC Operations
4.1 Parallel Random Walks Generation

Performing random walks in the MPC model will incur com-
munication rounds because the next sampled neighbor for
each node can be located in different machines. Let us con-
sider the situation of a node vy sampling its neighboring node

vy in the walk. In the MPC model, as vy and v; can be in
different machines, forming a walk of v9 — v; may need one
communication round. In general, forming an [-step random
walk in the MPC model typically incurs ! communication
rounds. For the purpose of reducing communication rounds,
we first introduce a result provided by WRME [Lacki et al.,
2020], and then give our extension in Theorem 3:

Theorem 2. Let G be a directed graph. Let N and | be posi-
tive integers such that | = o(S)/log® n, where S is the available
space per machine. For the task that samples N independent ran-
dom walks of length | starting from each node v in G, there exists
an MPC algorithm that runs in O (log2 log n + log? l) rounds and

uses O (m +pttoM3s 4 Npp2te)
sub-linear space per machine S = n® (0 < a < 1). The al-
gorithm is an imperfect sampler that does not fail with probability
1-0 (nil).

Essentially, Theorem 2 states that the generation of a
length-I random walk from every node can be round-
efficient in the MPC model. Particularly, it takes only
0] (log2 log n + log? l) communication rounds to generate
N length-l random walks, each with different source node.
However, even with Theorem 2, we cannot directly give a
reasonable round-complexity for SimRank evaluations if we
use the original /c-decay walk-based method. The reason is
that the length [ of a y/c-decay walk can be infinite. To ad-
dress this issue, as we show in Algorithm 1 Line 3 and Line
5, we carefully design the truncated walk length (Line 3) and
the number of random walks to be sampled for each walk
length (Line 5). The truncated length guarantees a reason-
able bound of O (log®logn) communication rounds when
I = logy, zn, and the number of random-walk samples
ensures the SimRank estimation accuracy (we will formally
prove it in Section 5).

Parallel Random Walks in O(log2 log n) Rounds. To ef-
fectively apply Theorem 2, we let Task-¢ be the generation
of N; length-i walks from every node. We let all Task-:
(1 < i < logy,,/zn) be conducted in MPC in parallel. We
apply log; ;. -n WRME algorithm [Lacki ef al., 2020] in-
stances concurrently in the MPC model, where each instance
corresponds to one task.

Unfortunately, concurrently conducting multiple WRME
algorithms will incur a space cost higher than n® in each ma-
chine because by default each algorithm instance can incur a
local cost up to n®. To address this issue, we let 3 satisfy
that n® = n®/log, /e, and we apply the WRME algo-

) total space and strongly

rithm concurrently for each Task-i with S = nf. Particularly,
each machine space n® is divided into subspaces of size n” to
compute Task-i. By careful analysis of the round complexity
and total space cost, we give the following theorem.

Theorem 3. The random walk generation in Algorithm 1 can be
done in O (log2 log n) rounds with high probability, with machine
space S = n® such that n® > log® n/(log ﬁ) and a total space

0 (m log n 4+ n' oM logh5 n + m;(gf;()lz) n).

We note that the WRME algorithm is an imperfect sam-
pler that fails with at most a probability O(n~1). We only
apply O(log n) times the sampler, which can still easily guar-



antee that our algorithm is successful with high probability
(because O(logn) = o(n") for any constant 7 > 0).

4.2 Shuffling Random Walks

We need to shuffle the generated N random walks sourced
at each node to fully mimic the behavior of generating a +/c-
walk. The reason for shuffling is that when we select two
random walks that start from two nodes and calculate their
meeting probability, the lengths of these two walks are not
bound to be the same. This shuffling operation helps us guar-
antee the randomness in our Monte Carlo simulation of the
generated +/c-decay walks.

Shuffling in O(1) Rounds. We note that sorting in MPC
can be done in O(1) rounds [Goodrich et al., 2011] as long as
the number of items is O(n") for some constant > 0. Ob-

serve that N = 0(105#), and hence there exists 7 such that
nN = O(n"). Hence, sorting the nN walks all together can
be finished in constant rounds in MPC, where the comparison
of two walks is based on the comparison of the corresponding
nodes in the walks. As such, all the walks sourced at the same
node will be clustered.

For sufficiently large n we have n® > 2N log, , /z n, and
the walks sourced at the same node, occupying a space of
Nlog, .z n, can be held in one machine. Since all the walks

are sorted and — may not be an integer, each set of N

walks sourced at the same node may go across two machines.
Let W, be the set of walks sourced at node u. We discuss
two cases to shuffle the walks of the same source node.

Case 1: If the walks in W, are fully located in a machine,
shuffling is done locally. We shuffle all sets of walks, and for
each set we assign numbers from 1 to NV to each walk in W,
after shuffling.

Case 2: If the walks sourced at the same node are located
at two consecutive machines. Without loss of generality, we
denote the source node as u, and there are Ny walks in the
first machine and N — Ny in the second. We then swap those
N — Ny walks in the second machine with the last N — N
walks sourced at node v — 1, as illustrated in Figure 2 in the
Appendix. Since n® > 2N log; , 7z n for sufficiently large n,
it is guaranteed that those N — Ny walks sourced at u — 1 are
located in the first machine and have been shuffled locally in
Case 1. Once swapped, the shuffling within W, can be done
locally. We note that by guaranteeing n® > 2N log, ;, ;n we
can make sure the swaps are not conflicting and thus can be
done in one round.

Any set W, can be shuffled in Case 1 or Case 2. During
shuffling, each walk is labeled by 1 to N sequentially, and the
7-th walk refers to the walk assigned with a number j.

4.3 Decomposing Random Walks

Decomposition in O(1) Rounds. Recall that each length-¢
walk {vg,v1,...,v¢} is to be decomposed into ¢ tuples each
of which has 5 elements: (j,,v;,¢,vp), for 1 < ¢ < ¢. Tu-
ple (§,4,v;,t,vg) implies that in the j-th random walk of the
walks starting from v, the i-th step of the walk visits node
v; and the walk has overall ¢ steps. In the MPC model, the
decomposition of a random walk can be done within the ma-
chine holding the walk. While each walk will generate mul-

tiple tuples, the total space is only amplified by a constant
factor (i.e., 5 times) because each tuple corresponds to one
visited node along the walk. Hence, this operation will not
incur any communication among the machines, and only has
a constant expansion of the space cost, which has a negligible
effect due to Lemma 1. We denote the set of all the decom-
posed tuples by Dg.

4.4 Detecting Meeting-Walks

As the decomposed tuples are stored at different machines,
challenges exist if we use these tuples to detect whether some
pairs of random walks meet. Algorithm 2 shows the pseudo-
code of detecting walk-meetings and computing SimRank
values.

Sorting in O(1) Rounds. Our first step is to sort all the
tuples across the machines (Line 1). The sorting is based on
the multi-dimensional sorting because the tuple contains five
elements, i.e., sorting is first done based on the first element,
and then for the elements that share the same first element,
sorting is based on the second element, and so on. Elements
are sorted based on their node IDs. We also intentionally let
the node ID of source node u be smaller than other nodes
to guarantee that walks sharing the same first three elements
start with the walk sourced at u.

Recall in Section 3 we show that if two walks meet, then
there must be two decomposed tuples, each from one walk,
sharing the first three elements. After sorting the tuples,
the tuples sharing the first three elements will be clustered
together and the tuple whose fifth element is u, if exists,
will be placed in the first position in the cluster. Particu-
larly, suppose we have tuples (j,4,v,l1,u), (4,i,v,l2,v1),
(4,4, v, 13, v2) that share the first three elements, implying that
the j-th walk started from « meets the j-th walks started from
vy and vq. These three tuples will be clustered in the order of
(ja iy, lla u)? (]7 i,, l2a Ul)’ (.77 iy, l3a UZ) after sorting. The
formal result is as follows.

Lemma 3. Ifthe j-thwalk W started from the query source node u
meets the j-th walk W' started from v, then there must be a decom-
posed tuple T of W and a decomposed tuple T' of W' that share
the first three elements. Furthermore, after sorting the tuples, T' is
the closest tuple that is decomposed from W and comes before T'.

Walk Paired-Up in O(1) Rounds. To compute the Sim-
Rank between u and vy, we need to pair up (j,, v, {1, u) and
(J,i,v,la,v1); similarly, we also need to pair up (4,4, v, 11, u)
and (j,14, v, l3, v2) to compute the SimRank between u and vs.
Pairing-up can be challenging because the tuples are stored at
different machines, and hence communication between ma-
chines is unavoidable. In the MPC model, a machine that
communicates with other machines would require the same
space as the size of communication messages. To reasonably
bound the communication cost between the machines, we em-
ploy the following PREDECESSOR procedure [Behnezhad et
al., 2019] to couple the tuples sharing the same first three ele-
ments, which can be finished in O(1) communication rounds.

PREDECESSOR: Considered an ordered list of tuples
such that each tuple is labeled by 0 or by 1. Then, for each
tuple T labeled by 0, PREDECESSOR associates the closest
tuple T labeled by 1 such that T comes before T' in the or-



dering. PREDECESSOR can be implemented in O(1) MPC
rounds with n® space per machine, for any constant o > Q.

To apply PREDECESSOR for pairing up the tuples, each
machine can run a local algorithm to distinguish the tuples
that are generated from the random walks starting at node u
and others. As shown in Figure 1, all machines assign label 1
to the tuples whose fifth elements are w in parallel. Otherwise,
the tuples are labeled by 0. By Lemma 3, we can apply the
PREDECESSOR procedure to associate the closest Label-1
tuple (i.e., the tuple generated from the walk sourced at u) to
each of its following Label-0 tuples. Here, the association
means that the machine holding the Label-0 tuple is aware of
its closest Label-1 tuple before it. For each such associated
pair T and T”, if their first three elements are the same, then
the corresponding walks of 7" and T' meet.

4.5 Computing SimRanks

The paired-up tuples in the previous step will contribute to
the corresponding SimRank value. For example, suppose two
walks from u and v meet, then this pair of walks contribute
to the SimRank value s(u, v), because s(u, v) is estimated by
the meeting probability of the walks from node u and node
v. The challenge is how to concurrently distribute and aggre-
gate these SimRank contributions across multiple machines.
Note that it is crucial to let those SimRank contributions cor-
responding to the same pair of nodes (e.g., (u,v)) be pro-
cessed in the same machine, to avoid repeat counting of walk-
meets. For example, walks {u, w1, u2, w} and {v, u1, ug, k}
meet at both node u; and node us. To ensure accuracy, the
event of each walk-meet should be counted only once. For
this purpose, we let each machine specifically handle Sim-
Rank evaluations of 7 nodes with respect to u. Without
loss of generality, we assume the node IDs are from 1 to n.
Then, the i-th machine handles the node set with node IDs in
[n(i—l) +1 ni )

M M

Computing SimRanks in O(1) Rounds. The de-
tailed MPC operations of computing SimRanks are per-
formed as follows (also illustrated in Algorithm 2 Lines 8
- 11). Using the PREDECESSOR procedure, for each tu-
ple (4, j,v;,l2,v) with label 0, it can be linked to the closest
tuple (i,k, vk, l1,u); if j = k and v; = vy, then that in-
dicates the meet of two walks represented by the two tuples.
Then, a walk-meet message (j,u, 11, v, 1) will be sent (by the
machine holding tuple (3,4, v;,11,u)) to the target machine
that is responsible to computing SimRank s(u, v). Here, the
walk-meet message (4, u,l1,v,ls) indicates that a length-I;
walk sourced at node u and a length-ls walk sourced at node
v meet. Also, assuming u and v are node IDs from 1 to n,
the target machine that the message is sent to is the L%J -
th machine because this machine will compute s(u, v). Each
machine may then receive multiple copies of the walk-meet
message (j,u,l1,v,l2), and only one of them will be kept
because each walk-meet event should be counted only once.
For each unique message (j,u,l1,v,l2) received, we add a

Zot, 12 . -

value ZettlZuisl 146 the SimRank value 5(u,v), where
|Zuyl1|'|Z'v,l2‘ Z

z = 2(12’% 2;)2 is the expected number of walk samples, Z,, ;

denotes the set of actually generated length-/ random walks

sourced at u, and Z,, ; is the expected set of length-/ random
walks to be generated sourced at w.
We distinguish actual and expected samples because Z,, ;

may not be an integer. Particularly, we note that |Zul\ =
[z (Vo) - (1 = Ve)],and | Zy| = 2:(v/e)'-(1-/c). When
z - (y/©)! - (1 — y/c) is not an integer, the expected walk set
Z,, is defined based on size-[|Z, ;|] set Z; and size-||Z, ;|]
set Zy, such that there is probability |Z,, ;| — || Z..|] that one
walk of Z,, ; is selected from set Z; and otherwise selected
from set Zs.

Space Analysis for Walk-Meet Messages. The walk-meet
messages received by each machine are at most log,, zn
times the number of the random walks started at the nodes
handled by the machine. To see this, in the worst case,
for each node of a walk W generated from v handled
by the machine, there is a walk W’ from u that meets
W at the node, creating a walk-meet message. Since
each machine is responsible to compute SimRank values
for n/M nodes, the space per machine for receiving the

: n . _log2n _ nlog?n
message is O (M logﬁ n 2(6_%)2) = O (7M(E_%)2).
The total space cost for walk-meet messages is therefore

19) (%2712 . M) -0 (nlog2n)_

M(e=3) (e—3)?

5 Summary of the Results

Round Complexity. The round complexity is domi-
nated by the generation of parallel random walks, which is
O(log® log n) by Theorem 3.

Space Complexity. The total space cost for walk-
meet messages is dominated by the random-walk generation
space cost O (m log n 4+ nttoM logd n 4 Tll;(gewz()l;")
(see Theorem 3). We note that the total space cost is O(m +
n), indicating the existence of M = é(mT"’") for S = n®.

All these results give us Theorem 4 as well as Theorem 1.
Theorem 4. Given a graph of n nodes and m edges,

and a constant error € > 0, for sufficiently large n,
Algorithm 1 can be run in MPC using O(log2 logn)

communication rounds, with a total space per-round as
5 3+0(1)
0] (m logn 4 ntt°® log*5n + %) The space

per-machine needed is S = n® such that n® > log® n/(log %)
Algorithm 1 is an imperfect sampler that fails with probability at
most O (n_1

Accuracy Analysis. The accuracy guarantee of our
random-walk sampling techniques resembles that of a simple
Monte Carlo method, but we also incorporate the techniques
of length-truncation and the rounding of the number of walks.
We only include the main result as follows. The proof and the
methodology for further reducing the threshold % are detailed
in the Appendix.

Theorem 5. Algorithm I outputs SimRank values (u,v) with er-
ror at most € (€ > %) and with probability at least 1 — %
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A Limitation and Societal Impact

Limitation. In this paper, we provide a detailed theoretical
analysis based on a computational model and offer no exper-
imental part. However, the structure of this paper is to follow
the convention of MPC-related study, which only discusses
the theoretical computational complexity. Furthermore, this
kind of analysis might be the most attractive point in the MPC
model, which acts as a general model and can be adapted in
many cases.

Societal Impact. Our work offers a theoretical method
to reduce communication rounds with limited machine space
and no significant social negative impact can be caused to the
best of our knowledge.

B Frequently used notations

Notation Description

G(V,E) Directed graph G with node set V" and edge set £/
n,m n=|V|,m=|E|

s(u, v) SimRank score between node u and v

5(u,v) Estimated SimRank score between node u and v

l Length or steps of random walks

€ Error threshold for SimRank scores

c Decay factor in the definition of SimRank scores
M Number of all machines

S Available space per machine

«@ Constant factor to measure the space

N; Actual number of Length-/ random walks

Table 2: Frequently used notations.

C Missing Complexity Analysis

In Table 1, We explore the existing distributed or parallel
SimRank algorithms and analyze them in terms of communi-
cation rounds and space per-machine. The analysis is based
on synchronized round communication. The total space cost
per round is the sum of the space occupied by each machine.
The space per-machine refers to the worst case space cost in
a machine. Due to unbalanced workloads, the worst-case per-
machine space complexity can be the same as the total space
complexity. We note that all these three algorithms aim to
sample random walks in parallel for calculating the endpoint
distribution (CloudWalker) or the meeting probability of two
paths (UniWalk and DISK). Following existing analysis in
UniWalk [Song et al., 2018], we assume one random walk
step in a distributed system costs one communication round.

C.1 CloudWalker

CloudWalker [Li er al., 2015] uses the following definition to
compute SimRank:

S=cP'SP+D=) ¢PT'DP, )
t=0

where S is the SimRank matrix that S(3, j) is SimRank score
between the i-th node and j-th node, P is the transition ma-
trix of G which is a transpose of the input graph G, and D
is the diagonal correction matrix that CloudWalker aims to

compute first. The method of CloudWalker mainly includes
the calculation of D and calculation of single-source Sim-
Rank.

Calculation of D. CloudWalker relies on a method that com-
bines the Jacobi method and Monte Carlo method to calcu-
late the diagonal correction matrix D whose each row corre-
sponds to the correction values of one node to the other nodes.
Under the assumption that the input graph cannot be fit in a
single machine (S = n%, 0 < a < 1), CloudWalker cannot
process all nodes at a time and adopts the distributed structure
to store the data for each node. Particularly, each machine
will process b nodes at a time and b is assigned a node number
to be processed. As a result, CloudWalker needs to perform
its algorithms for 7 times to process all nodes. We note that
in the process of estimating D, CloudWalker needs to sample
N = (log n)/e length-I random walks for each node, where
€p 1s a parameter that controls the accuracy. When sampling
N random walks, as we assume machine space S < n, each
machine may need communication with other machines to
access the adjacent nodes which might be stored in other ma-
chines. For example, assuming that v — v is an edge in
FE and u, v are stored in two different machines, a walk-
step u — v requires one communication round. Therefore
sampling a length-/ random walk needs O(!) communication
rounds. After running [ iterations for n/b times, the overall
communication rounds of CloudWalker is O(n1/b).

Then in the Jacobi method, CloudWalker needs O(blN)
space to store the walk state matrix A in every single ma-
chine. In addition, they need to store all the nodes and edges,
incurring O(m + n) costs. Putting together, the space cost
per round is O ((bllogn)/€2 + n+ m). Furthermore, each

machine takes O ((bllogn)/€2) space to store A. Assuming
the graph is equally distributed across the machines, then the
per-machine space is O ((bllogn)/e2 + (m + n)/M).
Calculation of single-source SimRank. In Algorithm 4 of
[Li et al., 2015], CloudWalker conducts the computation of
Single-source SimRank based on the obtained diagonal cor-
rection matrix D. In Lines 4-13, CloudWalker again utilizes
the random walks to compute the vectors corresponding to
SimRank results, which needs to consume O(/?) communica-
tion rounds. The rationale of the communication round con-
sumption is also that walk sampling requires to access other
nodes which may be resided on multiple machines. Similar
to the computation of D, b nodes will be processed at a time
and the number of overall communication rounds is O("Tf).
For the reason that O(bl?> N) space needs to be used for stor-
ing the computation vectors related to random walks, the total
space complexity is O ((bl*logn)/e2 +n +m).

To conclude, CloudWalker needs O(nl(I 4 1)/b) commu-
nication rounds and O ((bl? logn)/e2+
n 4+ m) total space complexity, where each machine re-
quires O ((bl*logn)/€2 + (m +n)/M) space.  Further-
more, CloudWalker needs to make a trade-off between the
per-machine-space memory cost and the number of commu-
nication rounds. A special case is when b equals n, Cloud-
Walker can finish the SimRank within O(Il + [?) rounds
where each machine requires O(nlogn) space. Finally,
CloudWalker only provides the error bound when estimating



D and truncating the length /; they did not show any accu-
racy guarantees for computing SimRank scores [Wang er al.,
2020b].

C.2 UniWalk

The application scope of UniWalk [Song et al., 2018] is undi-
rected graph. To compute the SimRank score s(u,v), Uni-
walk adopts the Monte Carlo method by sampling a certain
number of Length-L random walks and calculating the ex-
pected meeting distance of two bidirectional Length-L ran-
dom walks from two nodes u and v. The main contribution of
UniWalk is to convert sampling O(nN) bidirectional Length-
L walks to only O(N) Length-2L unidirectional walks. A
rectified factor is introduced to make the two kinds of walks
equivalent. L is empirically set in UniWalk, and UniWalk

takes [ = 2L rounds to generate length 2L unidirectional
c?(1—cH)?d? log2n

252(1 c)2d2,
where dpax and dpi, are the maximum and minimum degree
in G respectively. UniWalk can guarantee with high proba-
bility that the computed SimRank values have at most € error.
In the distributed version of UniWalk (Algorithm 3 in [Song
et al., 2018]), to guarantee O(!) communication rounds, we
need to apply Algorithm 3 N times in parallel. Then in the
worst case, Line 21 generates [V iterations and Line 23 needs
to send a message of size O(l). We note that O(NI) is al-
ready the worst-case total message space cost generated dur-
ing the UniWalk process. Hence, both the per-machine space

O("zlsl%) because

random walks,

walks. By sampling N =

cost and total space cost are O(NI) =
dmaz = O(n) and dypip, > 1.

C.3 DISK

Similar to CloudWalker, DISK [Wang et al., 2020b] also uti-
lizes random walks to estimate the diagonal correction ma-
trix D and then performs the single-source SimRank compu-
tation. We also demonstrate the processes from the perspec-
tive of the calculation of D and calculation of single-source
SimRank.

Calculation of D. The following analysis is based on the re-
sults in Section 4 of [Wang et al., 2020b]. DISK explores the
physical meaning of D and conducts a more efficient algo-
rithm to estimate the diagonal correction matrix D. Particu-
larly, it transfers the calculation of D into the meeting prob-
ability of two /c-walks starting from each node v € V. The
main advantage of this method is that the estimation accu-
racy of D can be guaranteed. Then DISK build a tree-based

method to sample N = O(k’e%) trees when we set the failure
d

probability 64 = % for each node v € V. The trees can also
be interpreted as the /c-walks. Since the height of the trees
is expected to be O(logn) and each level of one tree will re-
quire one communication round, the overall communication

log n

rounds after building N trees can be O (==

). For the space
d

cost, DISK needs to save the entire tree (random walk), which

is O(log n), and the space per machine can be O(ml%).

Calculation of single-source SimRank. The final single-
source computation is based on the truncated formulation of

: ( 'l: : D 00
O; ©0o0: e o0 ®: | Sourcedaty — 1
o 000! 0 00O o @0
s L P Sourced aty
No N—N, N, N-N,
Machine 4 Machine ¢ + 1

Figure 2: Swapping N — Ny random walks.

{Parallcl WRME Algorlthm] Parallel Task-1

(i=1)

(O Parallel Task-2
(1=2)
Parallel Task- @
(1=1)
) Parallel Task- log _n
Machine 1 Machine 2 Machine M (1= log L n)

Figure 3: Each machine divides its space to handle multiple tasks
in parallel.

Equation 2 as:

K
S ~ Z dPTDPY, (3)
t=0

where K notes the truncated terms for approximation. In or-
der to obtain the final SimRank score, O(K’) communication
rounds will be consumed to calculate the result of Equation
3. For the reason that each node also needs to maintain O(K)
space for the above equation, the space for each machine will
be O(51).

Hence we summarize that the number of overall communi-
cation rounds for DISK is O (% + K ). Then in the space

analysis, DISK needs total space O(m log n+ Kn) and space

O(W) per machine to store the trees. The estimation
. 1-c®
error of DISK is controlled as smaller than w + K+

1—c
with high probability, which corresponds to our statistic in
Table 1.

D Missing Proofs
D.1 Proof of Theorem 3

Proof. For any instance n, let 3 satisfy that n® =
no‘/log L. If n® > (log*n - log 1 3 _n) (equivalently, n® >

ogn

log? nlog L n=g ) then log n = o(S)/log®n, and

hence Theorem 2 is apphcable for S = nB. Applying Theo-
rem 2 with S = n? still gives us O(log? log n + log? [) round
complexity and O(m + n'T°M[35 £ Nnj2+e(1)) space be-
cause the two complexities hides the « (or 3) factor. Also,
when applying Theorem 2 with S = n?, the number of
machines M satisfies that M - n® = ©(m + n) by the re-
quirement of the MPC model. Then, n® - M = C:)(m +n)
also holds, which means the number of machines used is
as desired for MPC when = n®. Now, for each of the
M machines each having space n®, we divide the machine



space into log%n subspaces, and for each subspace we ap-

ply WRME algorithms (Theorem 2) in parallel, respectively
forl=1,2,...,log

1 .
ﬁn

This indicates that each WRME algorithm runs with S =
n?. The worst-case round complexity corresponds to the
WRME algorithm running with the longest length, which is

1og% n. By Theorem 2, we have the round complexity

2 2 . 2 2
O ([log™logn +log™1|) =0 ([log log n + log log% nD
=0 (log2 log n) (€)]

The last step holds because c is a constant. For each WRME
instance, a machine space n” is sufficient. Considering all
1og%n WRME instances run in parallel, the space per ma-

chine is n” - log%n =n.
For the total space cost, we need to sum up all the space

costs for each call of the WRME algorithm. Therefore, the
space bound is calculated by applying Theorem 2 for 1 <[ <

1og% n, and for each [, the space cost is expanded 2(1°g 23’"‘)2 .
c e—=

(/)b - (1 — \/c) times (the number of random walks):

o
®

S

3

o (m+n1+o(1)l3,5 +Nlnl2+o(1))

g 1

o
®
3

log 2n
2(e — 2)2

nlog3+°(1) n
2(e — %)2

= O (m+nl oMoy (Vo) (1 - \/anzz“(l))

Il
—-

=0 (m logn + e log4'5 n + )

log 1 n
The last step holds because >, (vo)'(1 — /o) <
1. The space cost per machine is expanded at most log% n

compared with the per-machine cost needed for Theorem 2,
and thus still being strongly sub-linear to n. U

D.2 Proof of Lemma 1

Proof. Consider that there exists a distributed algorithm A
that works on M = O(”}jg”) machines with per-machine
space S = ©(n®) for 0 < o < 1 using O(g(ax) - f(n))
communication rounds, where g(«) is a constant function that
is computed based on «.. By the definition of big-O notation,
there must exist constants C', C’ and ng, such that for any
n' > ng, the per-machine space S used in A is at most C-n/®,
and the number of rounds used in A is at most C’-g(«)- f (n').

Let 8 = log,, (C-n'®), and we have n’® = C - n/®.
Hence, Algorithm A is conducted on machines with space
n'8 using at most C’ - g(a) - f(n') rounds. The number of

machines M = O(";j,'f/) = O(’C”TJL/) = O("?,}?/ ). Hence,
Algorithm A is a valid MPC algorithm for S = n/? when the
number of graph nodes is n’, and the number of rounds used
is a constant factor multiplied by f(n').

We fix § and let M* be the maximum number of machines

used considering all n’ > ng, and it is easy to see M =

o(mt),

Meanwhile, note that 3 = a + log,,,(C'). When n' is suf-
ficiently large, /3 can be arbitrarily close to «.. Therefore, for
any 3 € (0,1) we can always find o« = 5 — log,,,(C") > 0
for sufficiently large n’, and hence, we can construct the cor-
responding MPC algorithm A.

We can then safely replace symbol S with o and the lemma
holds. O

D.3 Proof of Lemma 3

Proof. Suppose Walk W and Walk W’ meet at their i-th
step at node v;, then there is a decomposed tuple 7' =
(jyi,v5,l1,u) from W, and a decomposed tuple 77 =
(j, i, 4,12, v) from W'. They share the first three elements.
Furthermore, we prove by contraction that there is a decom-
posed tuple T* originated from W but T™* is closer to T in
the sorting order. Since the first three elements of 7" and T’
are the same, then 7™ must also have the same first three el-
ements. However, both T" and T are decomposed from the
walk W, but any two tuples decomposed from the same walk
must have different elements in the first three positions of the
tuple. Contradiction ensues. [

D.4 Proof of Theorem 4

Proof. The proof is immediate from Theorem 3 and all the
analysis results from Section 4. O

D.5 Proof of Theorem 5

We aim to show that our algorithm can obtain the Sim-

Rank values with at most € absolute error compared

with the true value. Recall that we sample N; =
log 2n

2 (V) (1= V)| tenghd (1< 1< g )

walks for each node. We will utilize two subsections to
demonstrate how we bound the estimation error.

Controlling Truncated Error

Based on the Monte Carlo method, we will show that check-
ing the meeting probability by sampling truncated +/c-decay
walks from v and v gives an € (¢ > %) absolute error. The
derivation is based on the Hoeffding Inequality as follows:

Lemmad. Let X1,..., X, be independent bounded random
variables with X; € [0, 1] for all i. Then

% Z (Xi; — E[X])

Pr

> A] < 2¢(=22%)  (6)

We note that the probability that a pair of \/c walks from
node « and node v meet is the SimRank value s(u,v), and
we let X; be the event that the i-th pair y/c-walks from u and

v meet. Hence, E[X;] = s(u,v). By simple application of
Hoeffding Inequality and the estimation §(u,v) = Z:flx,
we have

Pr[|5(u,v) — s(u,v)| > A
—Pr [ Zz‘:; Xi _ Zi:l E(X;)

z

> ,\] <272V (7)



Let 2 = 9827 \e have e L1 However, our al-
2\ n

gorithm does not involve the /c-walks that are longer than
log L " To quantify the effect of truncation, we note that

—22)2 —

sampling a y/c-decay walk is equivalent to sampling a length-
l-walk with probability (1/c)!(1 — +/¢) for I > 0. By calcu-
lating the probability where a /c-walk is less than log% n,

we have:
log 1 n
& 1
Prisioggn]= Y O A-vO>1-0 ®

The above equation demonstrates that the probability of a
random walk longer than log 27 is smaller than % Then

we set N; = P(’Qg)\%" (Vol-(1— \f)—‘ for length-I (0 <
I < log L n) based on this probability result, and truncate

the length at log 1 3 Next we show that this simplification

will impact less than absolute value of the SimRank value.

We denote C,, ;, 1,,12 as the number of meets between u’s
length-l; walks and v’s length-l; walks, if we directly per-
form the random walks based on the expected numbers, i.e.,
|Zual. Let ¢ = log, /,/zn. We can transform Equation 7 as
follows:

Pr[|5(u,v) — s(u,v)| < A]
+o0
Zzl =0 Zl2:0 Cuty vl

z

=Pr |:)\ < —s(u,v) < )\:|

P L b +oo
=Pr |—2zA < Z Z Cuty vy + Z Z Cuiywigt

11=019=0 11=01p=¢+1

+oo b +oo +oo

Z Cu,ll,v,lQ + Z

Cu,ll,v,lg —s(u,v) - 2 < 2A
l1=¢+115=0 l1=¢+1ly=¢+1

_ 2
>1 — 27 2% ©)

By Equation 8, there are fewer than £ random walks

sourced at nodes u (resp. v) whose lengths are longer than
¢ = log;/,/zn. Hence, there are at most Z meets of paired-
walks when one walk is longer than ¢ = log, ,, z n. Formally,

¢ +oo 5
Z Z Cu,ll,v,lg < -

n
11=01l2=¢+1
+oo [
> > Cutiwis <
. <=z
u,l1,v,l2 n
li=¢+112=0
= z
E E Chu —
U,b1,V lz — n
li=¢p+11lo=¢+1

Then we have

[
=¢p+1 212:1 Cu,h,v,b
z

0<

le 1212 o+1 UZLUJQ Z
z
§: ¢+1Z =¢+1

z

u J,v,lo 3
< —.
n

(10)

If we apply Equation 10 in Equation 9, we have:

Pr[|5(u,v) — s(u,v)| < A]
§ < Zfl:() ZZ:O Cu,ll,'u,lg
n

z

A —

<Pr

- s(u,
§ < Zldz:o ZZ:O Cuiy o,y 3
n

— s(u,v) <)\+E

v) < A

<Pr |—)X—

z
an

For the reason that we only measure the meetings happening
at walk-lengths less than ¢ = log,, ;n, we set 5(u,v) =

S o Xty—0 Cuity o,
=0 Z1p=0 712 g our estimation result. Lastly we have
the followmg accuracy guarantee:

Pr ||5(u,v) — s(u,v)| < A+ 3} >1-272%  (12)

We simplify this result by setting A = € — %, and we have:

Pr[|5(u,v) — s(u,v)| > ¢ < 26_2z(€_%)2, (13)
where z = 5 (105- 2;)2 and € > % Based on this result, we guar-

log 2n

() (- V)|

length-1 (0 <1 < log%) walks for each node, we can obtain

antee that by sampling N; =

the SimRank values 5(u, v) with at most ¢ error (e > %).

Rounding Up Error

we consider that the actual number of random walks for each
2 (B (1 V)| becase o2
(v/©)!-(1—+/c) may not be an integer. The rounding up of the
samples for length-/ makes our SimRank estimation biased,
which is denoted by a followed example. We let Z,, ;, denote
the set of actually generated length-/; random walks sourced

log 2n

(V- (L )| And
we denote the expected set of length-/; random walks as 7, ;,

with [ Z,, 1, | = 108?2;)2 (/€)' - (1 —+/c). When two random
walks selected from Z,, ;, and Z,, ;, meet, rounding up |Z,, , |
to | Zy,, | and |Z, 1,| to | Z, 1, | will change the distribution of
walk length. As a result, the meeting probability of u and v
will be affected and degrade our accuracy. We give a result as
follows:

length [ is

at u, where | Z, | =

Lemma 5. Each time when two random walks selected
from Z,,;, and Z, ;, meet, this meeting will only contribute
‘Zu,lll'IZUJQI 1

BB = scoreto the SimRank value of 5(u, v).
PRIRR VRS

Proof. When we estimate the SimRank 3(u, v) values based
on the changed sample numbers |Z,, ;, | and |Z, ;,|, we still

need to guarantee the meeting probability is the same as using
the expected sample numbers |Z,, ;, | and | Z, 1, |:

Cufuwls  _
|Zuas| | Zoas| |2,

Ou,ll,'u,lg
: |ZU,12 |

(14)




Here CA’u,lhv,lQ means the actual meeting numbers where v’
length-I; walks meet with v’ length-I, walks when we run the
actual random walks. The difference between éu7l1,v7lz and
Cu,ly v, 18 that Cy 1, 4,1, means the meeting number when
running the theoretical random walks. Then we derive the
SimRank value $(u, v) according to:

log 1 n log 1 n
S(uy0) ==l L=t Cuinet
z
gy m 8L . |Zuty 11 Z0 1y
2=t 2=t Gt (701170
: (15)

Here Cu 11,0,l5 18 derived by countmg the times where walks

from the actual sample sets Zu 1, and ZU meet. This result
proves the claim.
O

D.6 Reducing Threshold 2

n
In Theorem 5, we note that we can further reduce the error
threshold (e.g., %) and the failure probability (e.g. %) by
increasing the length of walks and enlarging the number of
samples, respectively.
Reduce the error threshold. Assuming we extend the max-
imum length to p - log 1 s n, where p is a constant and p > 1,

and Failure Probability

then we can transform Equatlon 8 as following:

plog 1 n
3

e

rli<plogsn]= Y (Vo -(1-veo)
=0

p-log 1 n+1

=1-+/c e

As a result, the probability of a random walk longer than p -

10g 1 n is smaller than ni Moreover, the upper bound in

P

1
>1-— (16)

Equatlon 10 can be ;% and our error in Theorem 5 becomes
e(e>=,p>1).

Reduce the failure probability. The failure probabil-
ity is derived from Equation 13. We can simply reduce
the failure probability by sampling more random walks. In
particular, with the error threshold =, by setting z =

(log 2n?)/2(e — —) , where ¢ is a constant and ¢ > 1. We

np
can transform Equation 13 as follows:

1

Pr [|5(u, v) — s(u,v)| > ] < 2e2(ar)" = — an
n

In summary, by setting the maximum length to p - log L n

and sampling z = (log 2nq)/2(e - ﬁ)2, we guarantee €
(e > %) error with 1 — ﬁ probability, where p,q > 1.
Clearly, this transformation only increase the number of ran-
dom walks and walk length by a constant factor, which
does not impact the round complexity and space complex-
ity. For example, increasing the number of samples to

(log2n?)/2 (e — 2) ? and extending the maximum length to
ZIOg% n, we can guarantee € (¢ > -%) error with 1 — 5
probability.

E Warm-Up: A O(logn)-Round Algorithm
with Pseudo-linear Space

In this section, we present an algorithm that directly adapts
the \/c-walk-based computation for single-source SimRank
approximation in the MPC model. We show that by prop-
erly setting the parameters, the algorithm can finish the com-
putation in O(logn) rounds with high probability (i.e., with
a probability at least 1 — %) while it requires pseudo-linear
space-per-machine S = O(n).

The main idea of the algorithm is to adapt the /c-walk
based approach and apply the Monte Carlo method by set-
ting the sample size N = 10%32”2 = O(loe%”), i.e., sampling
\/c-walks from the given source node v and any other node
v over the reverse graph G. By the Monte Carlo method, we
need to create N pairs of random walks from « and v and
determine how many paired-up walks meet. The probability
of the walk-meet, £, estimates s(u, v). Consider a random

variable X; = 1 if the two walks in the ¢-th pair meet, other-
wise X; = 0. By Hoeffding’s Inequality [Hoeffding, 1994]
we have the following inequality:
. ]
< 9e72N¢

Pr[ dEX)- > X
=1/n’ (18)

1<i<N 1<i<N
Since there are n SimRank estimations, by union bound, all
the estimated SlmRank has an error at most € with a proba-
bility of at least 1 — n— n=1-—=

Next, we show that sampling N random walks respec-
tively from each node can be performed in parallel, and con-
currently walking one step for all walks can be finished in
O(1) rounds with machine space S = O(n). Particularly,
we assign each edge (u,v) with an ID w - n + v. In MPC
we can use O(1) communication rounds to sort [Goodrich ez
al., 2011] the edges based on their IDs and store them from
Machine 1 to Machine M in order. To separate the neigh-
bor set of consecutive nodes, we insert a special edge place-
holder (v,0) with ID v - n for every node v and sort them
together with the actual edges. After sorting, the placeholder
(v,0) will be placed right before the first edge starting with
v. By sorting, each edge also knows its rank in the ordering.
Then node v has r,41 — 7, — 1 neighbors, where r, (resp.
T4+1) denotes the rank of (v,0) (resp. v + 1). Evaluating
{ry+1 — ro — 1Jv € V} can be done in 2 rounds: suppose
each machine has S = O(n), then all {r,|Jv € V} can be
sent to the same machine to compute {r,1 — 7, — 1|v € V'}
and send r,41 — r, — 1 back to the machine holding edge
(v,0). This will not break the O(n) space as the size of the set
{ry+1—ry—1|v € V}is O(n). Furthermore, to store the ran-
dom walks, when the walk path P ending at node u extends

s, v) — %‘ Ze] —Pr[




from node u to v along an edge (u,v), the path P U (u,v)
will be sent to the machine holding (v, 0).

Since the random walks are \f -decay, there is at most
probability €3/n? that a random walk has a length at least
3log; ;2. Hence all the Nn random walks have length
O(log @) with high probability. Noting that it takes O(l)
rounds to compute length-/ random walks, the round com-

plexity of computing all the random walks is O(log %) with

high probability. Furthermore, as there are Nn = O(% 1°§")

random walks and each walk has a length O(log %) Withehigh
probability, the messages sent among the machines in a round

isat most O(logn-Nn) = O(%) = O(n) with high
probability (given € is a constant).

Finally, to compute {s(u,v)|v € V} it remains to check
in parallel how many pairs of walk meet, where each pair
contains one walk from u and the other walk from v. As
we will explain shortly in Section 4.1, this step can also be
finished in O(1) rounds.

In summary, the algorithm we presented can finish approx-
imating SimRank computation in O(log %) rounds with high

probability over MPC with S = O(%;Og%). One can
see that directly adapting the existing random-walk-based al-
gorithms is hard to break the O(log n)-round barrier because
in such designs each random walk step costs O(1) rounds
and a random walk has O(log n) steps with high probability.
Meanwhile, it is also challenging to further reduce the space-
per-machine because there can be hub nodes that are passed
through by many random walks sourced at different nodes.
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